Vector Product or Cross Product

If dGand b are two vectors and 6 is the angle between them , then the vector product of

these two vectors denoted by @ x b is defined as

d Xb=1dadl.lblsin8n

where 7 is the unit vector perpendicular to both dand b.

As shown in figure-21 the direction of & xb is it

always perpendicular to both gandb.
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Fig-22

Properties of cross product

i) Vector product is not commutative a X b#b xd
i) For any two vectors dand b, d xb=-(b xa)

iiiy For any scalarm, m (@ xb) =(md) xb =d X (mb)
iii) Distributive @ x(b+¢&)=(@ xb)+ (@ X?)

iv) Vector product of two parallel or collinear vectors is zero.

-

G xa=0 andif dllb then @ xb=0 {as®=0or180°=>sinf =0}

Using this property we have,



ixi=jxj=kxk=0
V) Vector product of orthonormal unit vectors form a right handed system.

As shown in figure- 23 the three mutually

~

perpendicular unit vectors i, j, k form a right handed
system,ie. ixj= k=-(jx0) (as ® A

6 =90, thensin 6 = 1)
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Unit vector perpendicular to two vectors:- Unit vector perpendicular to two given vectors aand bis given
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Angle between two vectors

Let 6 be the angle between gand b . Then @ xb=(ldl.1b |sin@)f.

Taking modulus of both sides we have,

ld xbl=1dl.1blsing
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Geometrical Interpretation of vector product or

cross product

LetOA =d and OB =bh.

°}

Thend xb=(dl.1blsing) A

=(1d).(1b1sin6)A

From fig-24 below it is clear that
BM=OBsing=Iblsing=1allBMl 7
{ as sin @ = BM/OB &0E = b}

Now | @ xbl=1dl1lBMI 141=0A.

BM = Area of the parallelogram with side @ and b .

Therefore the magnitude of cross product of two vectors is equal to area of the parallelogram

formed by these vectorsas two adjacent sides.
From this it can be concluded that area of A ABC = ¥ I14B . ACI

Application of cross product

1. Moment of a force about a point (1\7i) :-Let O be any point and Let 7 be the position vector w.r.t. O of any

point ‘P’ on the line of action of the force F , then the moment or torque of the force F about origin ‘O’ is

given by
M=% xF

2. If gand b represent two adjacent sides of a triangle then the area of the triangle is given by

>
I

~l@ x bl Sq. unit

3. If gand b represent two adjacent sides of a parallelogram then area of the parallelogram is given by

| @ xbl Sq. unit

>
I



4.1f Gand b represent two diagonals of a parallelogram then area of the parallelogram is given by A

= -l'd xbl Sq. unit

Vector product in component form : -

Ifd = ayi +a,] +ask and b = byi + byj + bsk.
d Xb=(ayl +ay + aszk) x (byi +byj + bsk)
= a;by (X 1) + ayby (X J) + a;bs (i X k)+ ayby(J x D)+ azby(f X )+ azbs(f % k)
+aghy(k x 1)+ azb,(k x )+ azbs(k x k)
{ using properties ixi= jxj= kxk=0,ixj=k=-(jx1),jxk=1=-(kx})and
kxi=j=-(ixk)}

= (azbs - aszhy) i +( ashy - aibs ) j + (a1h, - azhy ) k

~ ~

ik oy Rk
= |la; a, az| ie.a xb=la; a, as
by by b3 by by b3

Condition of Co-planarity

If three vectors d, band ¢ lies on the same plane then the perpendicular to a and b must be perpendicular to
C.
In particular (@ xb)4L¢é =>(@ xb).¢=0
In component form if @ = a;i +a,j + azk,b = byl +byJ + bk and & = ¢;1 + ¢, + 3k
Then (@ xb).¢=0
= (azbz - azby) c1+( azby - aibs) ¢+ (aib; - azby )c3 =0
i €2 C3

a; a; as
by by b

= =0 (interchanging rows two times R; andR, then R, and R3)




a; dp az
':> bl bz b3 = 0
€1 C (3
Example:- 17

lfg=1 +3j-2kand b = —i+3k thenfind | @ x bl

~

ootk ]k
Ans:-Wehave ¢ Xb=|a; a, a3l=1]1 3 =2
by by, bs -1 0 3

={(3x3)-(0x (=2))} - {( 1x3)-( (-1)x (=2))} J + {( 1x 0)-( (-})x 3)} k

=91-j+3k

2ld xbl =92+ (—1)2+32 =V81+1+9= /91 (Ans)
Example:-18 Determine the area of the parallelogram whose adjacent sides are the vectors
d=2tand b = 3]j. (2013-W)
Ans:- Area of the parallelogram with adjacent sides given by a and bis given by
area = |ld xbl=l2Zix3jl=16&l =6 sq units (Ans)
Example:-19 Find a unit vector perpendicular to both the vectors d@ =2i +j -k and b=31 -j +3k.

Ans: - (2015-W and 2017-S)

Unit vector perpendicular to both dand bis given by

A= (1)
L N
Nowa Xb=la; a, az|= |2 1 -1
b, b, bs 3 -1 3

=(3-1)1-(6+3)j+(-2-3)k



From (1) and (2) we have,

f= 2i-9j-5k _ 2i-9j-5k _2i-9j-5k
12{-9j-5kI 224 (=9)2%(-5)2 V110

2 9 .

=70l T 7iro)

5 ~
- 755 k (ans)

Example:-20 If @ =21 -j+k and b = 31 +4j -k , then find the sine of the angle between these vectors. (
2016-w)

Ans ;- We know that sing =

R
Now a Xxb=1|2 —1 1
3 4 -1
=(1-4)i-(2-3)j+(8+3)k =-3i+5j+11k
Hence | @ x b |=(=3)2 + 52 + 112 =vOF 25 F 121 = VIS5 covovvreerrrenn. 2)
Again |a|= V22 12+ Z=VEFTFL=VE oo, 3)
and |B|= V3 T2+ (CDZ=VIT 16T T =V26ueeeeeeereeereeee @)

From equation (1),(2),(3) and (4) we have,

. |Ei XZ | V155 V155
sing = —= = Ans
1aLibl V6v26 V156 ( )

Q-21 Calculate the area of the triangle ABC ( by vector method) where A(1,1,2), B(2,2,3)
and C(3,-1,-1). (2013-W)

Solution: - Let the position vector of the vertices A,B and C is given by a b and ¢é respectively.



Then d =1+ ] +2k

Sl
Il
N
~>
+
N

—~>
+
w
=

ay
Il
w
~>
|
>
|
&9

Now AB = Position vector of B — Position vector of A
=21 +2j +3k-(0 + j +2k)
=Q2-Di+2-1j +(3-2)k
=i +j+k

Similarly AC = Position vector of C — Position vector of A
=3i— j—k-(@ + j +2k)

=@-1Di +(-1-1j +(-1-2)k

=21—-2j—-3k
I L A
Now AB XAC= {1 1 1
2 -2 -3

=(-3+2)1-(-3-2)j+(2-2)k =-1+5]-4k

Hence area of the triangle is given by

U728 «2acl =X . (Cz +52 4+ (—a)2
A=-1 4B xACI 2\/( 1)2 + 52 + (—4)

= ~VI+25+16 =-V42 sq units. (Ans)

Example:-22 Find the area of a parallelogram whose diagonals are determined by the vectors
G =31+ —2kand b =1—3j +4k. (2014-W, 2017-W)

Ans: - Area of the parallelogram with diagonals a and b are given by
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Now a Xxb=13 1 =2
1 -3 4
= (4-6)1-(12+2)j+(9-1)k =-21-147-10F
Now area A=% a ><l7|=%\/(—2)2+(—14)2+(—10)2

= 1VET 196+ 100 =22 =228 =53 squnit. (ans)
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Example:-23 For any vector @ and b, prove that (@ x b)? = a?b? — (d.b)? where a and b are magnitude

of @ and b respectively.

Proof: - (¢ xb)2= (1d1.1b1sin6A)>

(absin 67)% = a?b?sin%6 (As (A)? =( |A|)2=12=1)

a’b?(1 — cos?0) = a?b?*— a*b?cos?0

a®b?— (abcosf)? =a?b?—(d .b)?> (Proved)

Example:-24 In a AABC , prove by vector method

a _ b _ ¢
sinA  sinB  sinC’

that

where BC =a, CA=b and AB =c. ( 2017-S)

Proof:- As shown in figure- 25 ABC is a triangle

_

having, @ = BC,b = CA and ¢ = 4B.

From triangle law of vector we know that ,

BC +CA=BA :
Fig-25

> d+b= —¢



2 d+b+ =0 ..c....... (1)
(taking cross product of both sides with @ we get)

> dx(@+b+ &)=dx0

2 (@xad)+@xb)+@x¢7) =0

> 04+ @xb)+(@x7) =0

= (dxb)= —(dx o

N R R CE R — @)

Similarly taking cross product with b both sides of (1) we have,
= (@xb)= (bX &) -mmmmmrmmemmenes 3)
From (2) and 3), (@xb) = (bx &) = (¢x d)

> |d xb|=|b x¢| =12 xa]
= absin(mw — C) = bc sin(w — A)= ca sin(w — B)

As from fig-25 it is clear that angle between @ and b is — C , b and & is w — Aand ¢and d is = — B.

Dividing above equation by abc we have,

absin(m—C) _ bcsin(mr—A) __ casin(mt—B)

abc abc abc
in C inA inB
N sinC _ sind _ sin
c a b
a b c
Hence = = (Proved).

SinA sinB sinC

- — —

Example:-25 What inference can you draw when @ x b = 0 and d. b= 0
Ans: - Givend xb=0and d.b=0

= {Eitherd=0orb=0ordllb}and { G=0orb=0ora-Lb }

= Asdllbandd-L b cannot be hold simultaneously so d@= 0 or b= 0

—

0.

Hence either =0 or b
Example:-26 If |@| =2and |b| = 5and Ia xb | =8, thenfinda.b .

Ans: - Given |Z ><3| =8



= |6i| |E|sin9=8
= 2X5sin6=8

. 8 _ 4
= sinf=—= -
10 5

- cose=v1—sin29=\/1—(§)2=\/1—5= 2-3

25 25 5
Hence @.b = |al||b|cosd=2 x5 x §=6 (Ans)
Example:-27 Show that the vectors i — 3 j + 4k, 2i — j + 2k, and 41 — 7 j + 10k are co-planar.(2017-S)

Ans: - Now let us find the following determinant ,

1 -3 4
2 —1 2| =1(-10+14) — (-3) (20-8)+ 4(-14+4) = 4+ 36 -40 = 0
4 -7 10

Hence the three given vectors are co-planar.



